The aim of this paper is to study the superstability of the following pexiderized cosine functional:
Introduction
In 1940, Ulam [18] conjectured the stability problem of the additive functional equation f (x + y) = f (x) + f (y). Next year, this problem was affirmatively solved by Hyers [9] , which is through the following.
Let E and F be Banach spaces. If f : E → F satisfies Hyers inequality
for all x, y ∈ E and > 0. Then there exists a unique additive mapping
for all x ∈ E. The above result was generalized by Bourgin [7] and Aoki [1] in 1949 and 1950. In 1978 and 1982, Hyers' result was improved by Th. M. Rassias [15] and J. M. Rassias [16] which is that the condition bounded by the constant is replaced to the condition bounded by two variables, and thereafter it was improved moreover by Gǎvruta [8] to the condition bounded by the function.
In 1979, Baker et al. [4] showed that if f is a function from a vector space to R satisfying |f (x + y) − f (x)f (y)| ≤ , for some fixed > 0, then either f is bounded or f satisfies the expontiel functional equation f (x + y) = f (x)f (y). This concept is now known as the superstability. In 1980, the superstability of the cosine functional equation (also referred the d'Alembert functional equation)
was investigated by Baker [5] . By Badora [2] in 1998, and Badora and Ger [3] in 2002 under the condition |f (x + y) + f (x − y) − 2f (x)f (y)| ≤ , ϕ(x) or ϕ(y), respectively. Also the stability of the d'Alembert functional equation is founded in papers ( [6] , [12] , [13] ). The following functional equations are some generalized forms of the above functional equation
The superstability of (A f,g ) and (A g,f ) is studied in papers ( [10] , [11] , [12] , [17] ).
In [14] , G.H. Kim proved the superstability of Some Pexider-Type Functional Equation
where f 1 , f 2 , g 1 and g 2 are functions from a uniquely 2-divisible Abelian group (G, +) to C (C: the set of complex numbers).
Note that V is a vector space, A is a unital commutative normed algebra with unit 1 A , and a −1 is an invertible element of 0 = a ∈ A (i.e a −1 a = aa −1 = 1 A ).
In the present paper, we investigate the superstability of equation
Superstability of equation
In this section, we prove the superstability of a Pexider-type trigonometric functional equation
for all x, y ∈ V with λ > 0 is a constant. If there exists a sequence {x n } in V such that lim
then there exists an even function h : V → A such that h(0) = 2λ −1 and
for all x, y ∈ V .
Proof. By assumption, one can choose a sequence {x n } in V such that lim n→∞ g 1 (x n ) −1 = 0. Setting x = x n (with n ∈ N) in (2.1), we have
for all y ∈ V . As n → ∞ in (2.2), we get
for all y ∈ V . Replacing (x, y) by (x n + y, x) in (2.1), we obtain
for all x, y ∈ V. Substituting (x, y) by (x n − y, x) in (2.1), we find
for all x, y ∈ V. Then
for all x, y ∈ V. This implies that
for all x, y ∈ V. We notice that the right-hand side converges to zero as n → ∞. So we can define the function h : V → A as follows
for all y ∈ V , then h(0) = 2λ −1 and h is an even function. Letting n → ∞ in (2.7), we see that
for all x, y ∈ V , as desired.
for all x, y ∈ V with λ > 0 is a constant. If there exists a sequence {y n } in V such that lim
Proof. Assume that, there exists a sequence {y n } in V such that lim n→∞ g 2 (y n ) −1 = 0. Putting y = y n in (2.8), we get
for all x ∈ V . So we have
for all x ∈ V . we put (x, y) = (x, y n + y) and (x, y) = (x, y n − y), respectively in (2.8) and proceed the same fashion of the previous proof. We are led to defining a function h : V → A as follows
for all y ∈ V and we then have
Also h is even and h(0) = 2λ −1 .
The following corollaries follow immediately from the Theorems 2.1 and 2.2. 
for all x, y ∈ V with λ > 0 is a constant. (i) If there exists a sequence {x n } in V such that lim n→∞ g 1 (x n ) −1 = 0, then there exists an even function h : V → A with h(0) = 2λ −1 and g 2 (x + y) + g 2 (x − y) = λg 2 (x)h(y) for all x, y ∈ V .
(ii) If there exists a sequence {y n } in V such that lim n→∞ g 2 (y n ) −1 = 0, then there exists an even function h : V → A with h(0) = 2λ −1 and g 1 (x + y) + g 1 (x − y) = λg 1 (x)h(y) for all x, y ∈ V . Corollary 2.2.2. Let f 1 , f 2 , g 1 , g 2 : V → A be functions satisfying
for all x, y ∈ V with λ > 0 and δ > 0 are two constants.
(i) If there exists a sequence {x n } in V such that lim n→∞ g 1 (x n ) −1 = 0, then there exists an even function h : V → A with h(0) = 2λ −1 and g 2 (x + y) + g 2 (x − y) = λg 2 (x)h(y) for all x, y ∈ V .
(ii) If there exists a sequence {y n } in V such that lim n→∞ g 2 (y n ) −1 = 0, then there exists an even function h : V → A with h(0) = 2λ −1 and g 1 (x + y) + g 1 (x − y) = λg 1 (x)h(y) for all x, y ∈ V . Corollary 2.2.3. Let ϕ : V → [0, +∞[ be a function and f 1 , f 2 , g : V → A be functions satisfying
for all x, y ∈ V with λ > 0. If there exists a sequence {x n } in V such that lim n→∞ g(x n ) −1 = 0, then there exists an even function h : V → A with h(0) = 2λ −1 and g(x + y) + g(x − y) = λg(x)h(y) for all x, y ∈ V . 
for all x, y ∈ V with λ > 0.
(i) If g 1 is unbounded, then there exists an even function h : V → C with h(0) = 2λ
(ii) If g 2 is unbounded, then there exists an even function h : V → C with h(0) = 2λ −1 and g 1 (x + y) + g 1 (x − y) = λg 1 (x)h(y) for all x, y ∈ V .
Proof. (i) Since g 1 is unbounded, one can choose {x n } such that lim n→∞ |g 1 (
(ii) Similarly to (i), we conclude the desired result.
Note that f (x) := f (x)f (0) −1 . The following lemma which is easy to verify shows that the similar argument holds without assuming the continuity. To make it easy to write, we continue using this notation f and note that it is legel only when f (0) = 0.
If f is an even function, then either f = 0 or f satisfies (ALM ).
We now apply the proceeding lemma to obtain the following theorem. 
(i) Suppose that there exists a sequence {x n } in V such that lim n→∞ g 1 (x n ) −1 = 0 and g 2 = 0 is an even function, then g 2 satisfies (ALM ).
(ii) Suppose that there exists a sequence {y n } in V such that lim n→∞ g 2 (y n ) −1 = 0 and g 1 = 0 is an even function, then g 1 satisfies (ALM ).
Proof. (i) Let
for all x, y ∈ V with λ > 0. Assume that, there exists a sequence {x n } in V such that lim n→∞ g 1 (x n ) −1 = 0, then by the Theorem 2.1, there exists an even function h : V → A with h(0) = 2λ −1 and
for all x, y ∈ V . Then, by the Lemma 2.1, we deduce that g 2 satisfies (ALM ).
(ii) Similarly to (i), we conclude the result. 
(i) Suppose that g 2 = 0 and there exists a sequence {x n } in V such that lim n→∞ g 1 (x n ) −1 = 0 , then g 2 satisfies (ALM ).
(ii) Suppose that f is even, g 1 = 0 and there exists a sequence {y n } in V such that lim n→∞ g 2 (y n )
Proof. (i) Taking f 1 = f 2 = f in Theorem 2.3, we infer the evenness of g 2 from its definition in (2.3).
(ii) Take f 1 = f 2 = f in Theorem 2.3. The evenness of f and the definition of g 1 in (2.10) lead to the evenness of g 1 . Which completes the proof. 
(i) Suppose that g 2 = 0 and g 1 is unbounded, then g 2 satisfies (ALM ).
(ii) Suppose that f is even, g 1 = 0 and g 2 is unbounded, then g 1 satisfies (ALM ). 
for all x, y ∈ V with λ > 0. If there exists a sequence {x n } in V such that
Proof. Take g 1 = f and g 2 = g in (i) of (2.11) in Corollary 2.3.1. By (2.3) we get g is even and g(0) = 2λ −1 , therefore g = (λ/2) · g satisfies (ALM). 
for all x, y ∈ V with λ > 0. If f is even and there exists a sequence {y n } in V such that lim n→∞ f (y n )
Proof. Take g 1 = g and g 2 = f in (ii) of (2.11) in Corollary 2.3.1. By f is even and (2.10) we obtain g is even and g(0) = 2λ −1 , then g = (λ/2) · g satisfies (ALM). for all x, y ∈ V with λ > 0.
(i) If There exists a sequence {x n } in V such that lim n→∞ f (x n ) −1 = 0 , then f = (λ/2) · f satisfies (ALM ).
(ii) Suppose that f is even and there exists a sequence {y n } in V such that lim n→∞ f (y n ) −1 = 0, then f = (λ/2) · f satisfies (ALM ).
Proof. By taking g = f in Corollary 2.3.3 and 2.3.4, we find the result.
Remark 1.
In all results, we can obtain more corollaries from setting as the following.
(i) As like Corollary 2.2.4, replacing normed algebra A to complex C, then we can obtain corollaries of the same types of the same numbers. (ii) Also letting ϕ(x) = ϕ(y) = δ: positive constant, it imply some corollaries.
(iii) In particular, putting f 1 = f 2 = g 1 = g 2 = f, λ = 2, or f 1 = f 2 =
